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According to Hughes [3, p. 2301, no symmetric block design with 
parameters v = 78, k = 22, and ;1= 6 has ever been found. In Hughes [4] it 
was only shown that no symmetric design for (78, 22, 6) exists which is also 
a semi-symmetric 3-design. In this paper we shall nevertheless prove the 
existence of a symmetric design for (78, 22, 6) with the help of tactical 
decompositions. 
The idea of considering tactical decompositions of a a-design goes back 
to Dembowski [2, p. 71 and more information can be found, for example, 
in Beutelspacher [ 1, pp. 21&228]. 
Let D be a symmetric block design with parameters (v, k, 2). Let P be 
the set of v points and let B be the set of v blocks of D. Let P, , PI,..., P,. be 
a partition of P (in c “point classes”) and let B,, B2,..,, Bd be a partition of 
B (in d “block classes”). We say that these two partitions give “a tactical 
decomposition” of D if there are nonnegative integers p,i and ~~~ 
(,jE { 1, 2 )..., d)}, iE { 1, 2 )...) c}) so that each block of B, contains exactly p,, 
points from Pi and each point of Pi lies in exactly K,( blocks of B,. Set 
mi= lP,j and nj= IBj[. Then “the parameters” pi,, K~,, rn;, n, of our tactical 
decomposition satisfy the following relations: 
n, . p,; = mi. li 11 (iE {l,...) C},.jE (l,..., d}), (1) 
KI, + K2i -t ..* +icdr=k (iE (I,..., L.)), (2) 
piI + pi2 + . . + pjc = k GE {l,..., 4), (3) 
m, +m,+ ... +m,=v, (4) 
n, +n,+ ... +n,=v, (5) 
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for eachj E ( I,..., cl i we have c [I,, K,, = in, + k --- i, (hi 
I I 
for eachj # 11 E { l,..., tii we have 1 l),, K,,, = ix,. i7) 
I- I 
In addition we have c = d. Also, if G is an automorphism group of D, then 
the point orbits P,,..., P,. and the block orbits Br,..., B, of G are obviously 
point classes and block classes of a tactical decomposition of D. 
In the special case of a symmetric block design D for (78, 22, 6), we con- 
sider the group G = (p) of order 13, where p operates on D without fixed 
points (and hence without fixed blocks). We have in this case c== ci= 6, 
mi = ni = 13, i = l,..., 6 and so [I,, = ti,,, i,,j E { l,..., 6 i. Permuting P, ,..., P, 
and B, ,..., B,, if necessary, we find from the relations (l)-(7) the unique 
solution for the parameters p,, under the additional assumption: 
P,, f 2 (mod 3). 
We get pJj = 7, for j = l,..., 6, and P,~ = 3, for j # i, i, j E { l,..., 6} 
For the action of p on the points of D we can set: 
(8) 
p = {(I,, I,,..., I,,), I= 1, 2, . . . . 6}, 
where {I,, I= 1, 2 ,..., 6, j=O, l,..., 12) are the 78 points of D and we con- 
sider the indices j = 0, l,..., 12 as integers mod 13. From each block orbit B, 
we take only “one representative line li, i= l,..., 6, and the points on I, we 
write at the moment without indices. Hence we get: 
1,=1111111 222 333 444 555 666, 
I,=2222222 11 I 333 444 555 666, 
1,=3333333 111 222 444 555 666, 
I,=4444444 111 222 333 555 666, 
1,=5555555 111 222 333 444 666, 
I,=6666666 111 222 333 444 555. 
Note that the above “orbit structure” for G is very symmetric and in fact 
the full symmetric group S on ( 1, 2,..., 6 } is its automorphism group. We 
have to supply the points on the above six “lines” I, with indices mod 13. 
But the number of possibilities is atronomically large! Therefore we assume 
further that our design D also has the following automorphism: 
P = ~(~lJ)U, 3 Is, Z,)(ZZ> I,, Z5NZ4. z,,, ZIO) 
(17, Ix> I,,), I= l,..., 61 
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(index j -+ 3j (mod 13)), which is a permutation of order 3 on points (and 
so also on blocks). Obviously the group (p, /.L), generated with p and p is 
a Frobenius group of order 39 with pfl = p ~ ’ . p. p = p3. Note that p fixes 
each point orbit of (p) and so our additional condition (8) must be 
satisfied. In this way we get our extended automorphism group (p, p) of 
D. 
To reduce the number of possibilities in indexing our lines I,, we can use 
the group S and also the permutation 
19, I,, I,,, I,), I= I,..., 61, 
because p’ = p2, j.P = p, and so LY normalizes our extended automorphsim 
group 0, P). 
When indexing the lines fi, we may assume that all these lines are p- 
invariant. i= l,..., 6. Therefore for the line I, we get 
/,=1,1,1,,1,,1,1,,1,, 2,2,,2,h 3,3%3% 
where X, a, b, C, d, e, f E ( 1, 2, 4, 7). Using GI, we see that we may assume 
I = 1 and a E { 2, 4 >. The fact that we must have II, n 17’1 = 6 for i = I,..., 12, 
gives easily that {b, c,d, e,f} = {tl, tr, q,, q2, ~~1, where 51~ f2, 7) and 
q, E { 1,4}, i = I, 2 and j = 1, 2, 3. Then permuting 2, 3, 4, 5, 6 (as a sub- 
group of S) we see that’ we may assume: b, c E (2, 7); b d c; d, e, f c ( 1,4} 
and ,f‘= e. However, if a=4, then we are still free to use ~1~ to be able to 
assume b = 2. For the line I, we get similarly: 
12=202~23g29g2h23h29h 1;13i19r 3j33j39, 
4k43k49k 5,5x59, 6,63nr6% 
and we see that we may assume g <h and since J= e we can still use the 
permutation (5,6) (from S) to be able to assume I< m. Also, if d = e, then 
permuting 4,5,6 allows us to assume k d 1 in this case. In any case we 
haveg,h,i,j,k,l,mE{1,2,4,7}. 
Similarly, we index the other lines 13, 14, I, and I, and each time we 
require that the intersection of any to distinct lines (blocks) I$” and If” con- 
tains exactly six points. This procedure gives exactly ten possibilities for 
indexing the lines I, ,..., 1,. But using again the full group S acting on 
{I,..., 6}, we see that all these possibilities are equivalent to the following 
solution D: 
I, = 1,1,1,1,1,1,,1,” 22&j& 3,363, 4,4,*4,, 
5,5,,5,, 646,*6m 
454 JANKO AND VAN TRUN<; 
1, =2,2,2,2,2,2,2,, I,13 1, 343,?3,0 4,464, 
5,5,5,, 6,6,6,,, 
&=30323635373831, 1,131, 2,2,,2,” 4748411 
5,565, 6,6,6,,, 
LI=404,4,4,4,4,4,, 1,1,1,, 222625 3,383,, 
5,5,5, 6,6,*6,0, 
ts=505256555758511 171811, 272821, 3,363, 
4,434, 64612610, 
G=6,6,636964612610 1,1319 212329 313339 
4,464, 5,565,. 
We have proved in this way the following: 
THEOREM 1. There exists (up to isomorphism) exactly one symmetric 
block design D for (78,22,6) on which a Frobenius group (p, p) of order 39 
acts in such a way that the automorphism p of order 13 acts fixed-point-free 
and the automorphism p of order 3 fixes each orbit of ( p >. In particular, D 
is self-dual. 
We see in addition that the following involution z operates as an 
automorphism on D: 
t= {(1,)(6,)(2,, 3,)(4,, 5,) i=O, I,... , 12) 
and t commutes with p and p. We can also show in the following way that 
the group H = (p, 11) x (t ) is the full automorphism group of D. First of 
all we investigate the (‘,“) intersections of any three distinct blocks and for 
the number of points in those intersections we get 0, 1, 2, 3, 4, or 5. In fact 
we get 0 exactly 5174 times, 1 exactly 31538 times, 2 exactly 30472 times, 3 
exactly 7956 times, 4 exactly 910 times and 5 exactly 26 times. This shows 
that our design is very far from being a semi-symmetric 3-design for L = 2. 
On the other hand the intersections with 5 points come only 26 times and 
we locate those triples of blocks. Exactly 13 of them come from the set 
{f$“,j=O ,..., 121 and the other 13 come from the set {f$,j=O ,..., 12). This 
fact restricts very much the automorphism group of D. We consider also 
the tactical decomposition of D which corresponds to the group G = (11) 
of order 3. It turns out that the corresponding “p-orbit structure” is very 
asymmetric and in fact its full automorphism group has order 2 coming 
from the action of the involution ‘t. This has the consequence that the nor- 
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malizer of (p) in the full automorphism group H of D is (,u) x (z). But 
this fact together with the above “intersection numbers” implies that 
H = (p, ,LL) x (7). We have proved the following result: 
THEOREM 2. The symmetric block design D of Theorem 1 has 
H = (p, p) x (t > as its full automorphism group; i.e., H is a direct product 
of a Frobenius group of order 39 and a group of order 2. Hence the order of 
H is 78. 
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